Abstract. The large Conway simple group Co 1 contains a copy of the alternating group A 9 and thus contains a nested sequence A 3 Ä A 4 Ä Ä A 9 . Shortly after Co 1 was discovered, J. G. Thompson recognised that the normalizer of each of the groups in this sequence (apart from that of A 8 ) is maximal in Co 1 and the resulting collection of sub-
1 ij . We insist that G possesses automorphisms corresponding to the symmetric group permuting the n vertices of our K n , and in addition an automorphism which squares each of the t ij . If we now factor by a relation which ensures that a triangle generates U 3 .3/, then a K 4 generates HJ, a K 5 generates G 2 .4/, a K 6 generates 3 Suz and a K 7 generates Co 1 . What happens for n 8 is explained fully in the text.
Thus this is not simply a sequence of nested subgroups in a larger group, but a finite family of closely-related perfect groups.
Motivation
We use the notation m ?n to denote a free product of n copies of the cyclic group of order m. Thus we have Such a group clearly possesses automorphisms which permute the symmetric generators T D ¹t 1 ; t 2 ; : : : ; t n º. The group F also possesses automorphisms which raise a given symmetric generator, t i say, to some power co-prime to m, while fixing the t j for j ¤ i . Combining such automorphisms we obtain M , the full group of monomial automorphisms of F whose order is thus .m/ n nŠ, where is the usual Euler totient function whose value at m is the number of natural numbers less than m and co-prime to it. If N Ä M , we may construct a semi-direct product of shape P D F W N Š m ?n W N , where N acts on F by conjugation. Such a semi-direct product is called a progenitor; in any homomorphic image of P in which the images of the t i are distinct elements of order m, the subgroup generated by the images of the t i will be a group possessing all the automorphisms imposed on it by the control subgroup N . If S T with jSj D s and L is the normalizer in N of the set of cyclic subgroups generated by the t i for t i 2 S, then the associated subgroup of P of shape
We may use representation theory to construct suitable control subgroups and their action on free products of cyclic groups. Thus suppose that H Ä N and that the abelian group H=H 0 , that is to say the group H factored by its derived subgroup, maps onto a cyclic group of order k. This affords linear representations of H=H 0 (and thus of H ) whose character values are kth roots of unity. If we induce such a 1-dimensional representation up to N , we obtain a monomial representation of N of dimension n D jN W H j whose non-zero entries are kth roots of unity. Now the underlying field can be any field which possesses kth roots of unity. For instance, suppose that p is a prime such that p 1 is divisible by k; then Z p will contain kth roots of unity. Let
ht n i as above, and suppose that A D .a ij / is an n n monomial matrix in the induced representation described in the previous paragraph, whose non-zero entries are kth roots of unity in the field Z p . If, for a particular i the entry a ij ¤ 0 (the subscript j will, of course, be unique), then we may interpret A as mapping the generator t i to t a ij j . In this way we may define a progenitor of shape p ?n W N . Example 1.1. Let N Š 3 A 7 , the triple cover of the alternating group A 7 ; then N possesses a subgroup H of index 15 of shape 3 L 2 .7/. Clearly H maps onto a cyclic group of order 3 and so we seek a prime congruent to 1 modulo 3. We choose p D 7 and so obtain a progenitor of shape
7
?15
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The cube roots of unity in Example 1 are of course 2 and 4, and we obtain nonisomorphic groups in the two cases. However, we can involve both possibilities, and both actions of A 7 on 15 letters by "doubling up" to a progenitor of shape P D 7
?.15C15/ W 3 S 7 in which a 'central' element of order 3 squares one set of fifteen generators and fourth-powers the other fifteen, and the outer elements of S 7 interchange the two sets of fifteen generators.
When S 7 acts transitively on 30 D 15 C 15 points, the point stabilizer, which is isomorphic to L 2 .7/, has suborbits of lengths .1 C 14/ C .7 C 8/. Suppose the two sets of generators are T D ¹t 1 ; t 2 ; : : : ; t 15 º and S D ¹s 1 ; s 2 ; : : : ; s 15 º, and that s 1 is in the 7-orbit of the stabilizer of t 1 ; then it is natural to ask what K D ht 1 ; s 1 i might be in a finite homomorphic image of P . Certainly K is generated by two elements t 1 and s 1 of order 7 and possesses (i) an automorphism, z say, which squares t 1 and fourth-powers s 1 , and (ii) a further automorphism d which interchanges t 1 and s 1 . The simple group of order 168 has all of these properties and moreover, factoring by a relator .dt 1 / 3 , the algebra package MAGMA [2] verifies that
That this image is indeed L 2 .7/ can be seen in its action on the projective line P 1 .7/ if we let
Then s D t d D .1 6 3 2 5 4 1/ and it can be checked that z squares t and fourth powers s by conjugation, whilst d clearly interchanges s and t . If the progenitor P is factored by such a relator .dt 1 / 3 , then we obtain He, the Held sporadic simple group, see Held [7] . Thus
For further details of this approach see Curtis [5] or [6, p. 277] .
In light of this result we observe that the triple cover N Š 3 A 7 also has a subgroup of index 21 of shape H Š 3 S 5 , and that H=H 0 Š C 6 . Since the field Z 7 contains 6th roots of unity, by inducing a linear representation of H up to N we may construct a progenitor of shape
This promising observation led the author, in unpublished work (1990) , to identify subprogenitors with images the Hall-Janko group HJ and the Suzuki simple group Suz, but an interesting finite image of P was never discovered. The present work shows that the author's error was to insist on the perfect group 3 A 7 rather than the direct product 3 A 7 , as will be made clear below.
2 The symmetric group S n acting on the edges of K n , a complete graph on n vertices
Take the symmetric group S Š S n and consider a subgroup H D 2 S n 2 ; take the non-trivial linear representation of H which maps the two point stabilizer S n 2 to the identity and induce this up to S to obtain an n 2 -dimensional monomial representation of S whose non-zero entries are˙1. The induced representation can simply be thought of as giving the action of S n on the directed edges of a complete graph on n vertices. So we take a free product of n 2 copies of the cyclic group C 7 , and write it as
The induced image of 2 S n will then act on these generators by mapping
where it is understood that t j i D t In this way we can construct a semi-direct product of the form
in which the symmetric group acts on the free product in the manner described above. We now adjoin an element z of order 3 which squares each of the symmetric generators by conjugation and commutes with the group S Š S n , and we obtain our progenitor:
Since our symmetric generators correspond to the (directed) edges of a complete graph on n vertices, we shall denote by K n the group obtained by factoring P n by certain fixed relations. As things stand the progenitor P n only involves a genuine
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Before proceeding we ask what can be said about the (infinite) progenitor P n .
Lemma 2.2. Let P n Š 7
?. n 2 / W .3 S n / as above. Then for n 5, P 0 n Š 7
?. n 2 / W A n and so jP n W P 0 n j D 6. Moreover, P 00 n D P 0 n and P 0 n is perfect.
Proof. Denote by z the element of order 3 which commutes with S n and squares each of the symmetric generators. Then
n for all i; j . If N Š 3 S n for n 5 then N 0 Š A n and the first result follows. Moreover, N 00 D N 0 Š A n is contained in P 00 , and OEt 12 ; .1 2/.3 4/ D t 21 t 21 D t 5 12 2 P 00 n . Since N Š A n acts doubly transitively on the n vertices of the underlying graph, we see that t ij 2 P 00 n for all i; j and P 00 n D P 0 n .
Corollary 2.3. The derived group of any homomorphic image of P n is perfect and has index dividing 6.
Proof. Let K be any normal subgroup of P n . Then
Furthermore,
In order to get started we need an image of P 3 , which is to say we need to say what the image of a triangle of symmetric generators is to be.
Possible images of a triangle
Thus we seek a group G 3 which is generated by three elements of order 7 which we shall label t 12 ; t 23 and t 31 , and which possesses automorphisms (inner or outer) consisting of: In other words we seek images of the progenitor
Since, for values of n greater than 4, the derived group P 0 n is perfect, we shall assume, factoring out a maximal normal subgroup if necessary, that the image of P 0 3 is simple, and a consideration of character tables reveals that there are several candidates for G 3 . It is readily shown that both the linear group L 2 .8/ W 3 and the symmetric group S 7 are images of P 3 ; however, extending these cases to P 4 , corresponding to a complete graph on four vertices, leads to collapse. This leads us to the unitary group U 3 .3/.
The unitary group U 3 .3/
The field of order 9, GF 9 , is taken to be ¹0;˙1;˙i;˙1˙i j i 2 D 1 D 1 C 1º and we let˛denote the field automorphism which interchanges i and i . We let
Matrix A, which has order 3, 1 is visibly unitary and symmetric and so conjugation by˛inverts it; moreover Z, which corresponds to a rotation of the three coordinates, commutes with A. Thus hZ; A;˛i Š 3 S 3 :
As symmetric generators we take ts WD OEt 12 ; t 23 ; t 31
We find that t 12 t The element˛, i.e. complex conjugation, inverts the symmetric matrix t 12 ; moreover we observe that t 23 D t tr 31 , the transpose of t 31 , and so
1 We have A D I C iJ , where J denotes the all 1s matrix, so
The Thompson chain of subgroups of the Conway group Co 1 965 and so˛acts as the permutation .1 2/ on the subscripts, as required. With x D Zǫ f order 6 and y D A we find that the following is a presentation for U 3 .3/ W 2:
where a coset enumeration is used to show that the group defined has order 12,096 as required. That is to say
where R D 1 is the above relation of length 5 in the symmetric generators, given by
Note. There are other simpler relations which hold in U 3 .3/ W 2 and which define the group as a factor of the progenitor; for instance, the relators OEt 21 ; t 31 t 2 23 and ..1 2 3/zt 12 / 7 are sufficient, and so
is isomorphic to U 3 .3/ W 2. However, the additional relation which we have given above is the shortest, in a sense defined below, single relation to suffice. Note that all even permutations of our S 3 and the element z which squares the symmetric generators induce inner automorphisms of our group U 3 .3/ which is itself generated by the three symmetric generators. So a single relation which defines the group from the progenitor must express an even permutation times a non-trivial power of z as a word in those symmetric generators. Thus any feasible relation must take the form z D w.t 12 ; t 13 ; t 23 /;
where is a non-trivial even permutation, and w is a word in the symmetric generators. Our relation is chosen so as to make the word w as short as possible in the various t ij and their powers.
Important identities
In the context of U 3 .3/ W 2, and in what follows when we consider complete graphs on more than three vertices, we shall define
which will turn out later to be independent of the subscript k and thus be welldefined. Clearly a j i D t kj t ik D a The element we have called d has order 2; it visibly commutes with A and with˛, where hA;˛i Š S 3 , and is thus independent of the order in which i; j; k appear in its definition. Moreover, it visibly inverts Z and so
It is natural to ask what is generated by a single 'edge' of our triangle, t 12 say, together with the element d . We find that dt 3 has order 3, and that OEd; t 3 has order 4, which replacing t 3 by r is the classical presentation of the simple group L 2 .7/:
The element Z which squares t 12 is already in this simple group, and the element which inverts t 12 and commutes with Z and d provides the outer automorphism. In the notation of symmetric generation what we are seeing is
where the two symmetric generators of order 7 are t and t d D s; say; the action of Z may be denoted by . A relation which only makes sense when the underlying complete graph is on at least four vertices is
This relation is shown in Section 5.1 to hold in the case n D 4 and so it follows that a ij is indeed well-defined for all n. Moreover, since d D a 2 ij commutes with all permutations of i; j; k as we have already seen, we can then deduce that in the case of a complete graph on n letters d will commute with S n .
The Thompson chain of subgroups of the Conway group Co 1 967 4 Extension to K n for higher n We now wish to extend this construction to general n. As generators for the control subgroup 3 S n we shall take x D .1 2 : : : n/ and y D .1 2/zI (4.1)
t will as usual represent t 12 , the directed edge from vertex 1 to vertex 2. Visibly x will have order n, y will have order 6, and xy 3 will have order n 1. The element y 2 D z 2 must commute with x and we may now factor by sufficient commutators to define the group. In fact, it is readily verified that
for n D 4; 5; 6; 7. In fact, the last two relations are redundant for n D 4, and the final relation is redundant for n D 5, but they all hold for all n > 3. That they are presentations for the groups in question is readily verified using the coset enumerator in MAGMA. We must now ensure that this control subgroup acts on the symmetric generators in the required manner. Certainly z must square t D t 12 by conjugation, and .1 2/ must invert it; so we shall have t y D t 2 . Now Thus hxOEy; x; .y 3 / x 2 i Š S n 2 commuting with t D t 12 . Factoring by the three relators
is thus sufficient to define the progenitor P n for n D 4; 5; 6; 7 and we have We have seen that the symmetric generators t ij and even permutations of our symmetric group S n lie in the derived group of P n , and so their images lie in the derived group of any quotient group of P n . Setting t D OEx; y D 1 in the relator R shows that y 2 lies in the derived group of P n =hRi. Thus P n =hRi has a perfect derived group of index 2. We shall define
a presentation for which, for n D 4; 5; 6; 7, is given by
where we have seen that
Now xy D .2 3 : : : n/z and y x D .2 3/z and so hxy; y x i Š 3 S n 1 ; thus KS n 1 WD hxy; y x ; t x D t 23 i maps to (an image of) K n 1 as a subgroup of K n . So for each 4 Ä n Ä 7 we perform a coset enumeration over this subgroup to obtain the following indices:
n Index of KS n 1 in K n 4 100 5 416 6 5;346 7 3;091;200
The reader familiar with the groups in question will recognise that:
the index of U 3 .3/ in HJ is 100, the index of HJ in G 2 .4/ is 416, the index of G 2 .4/ in 3 Suz is 5346, the index of 3 Suz in Co 1 is 3091200.
Of course our groups K n are not simple, but have perfect subgroups of index 2.
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We assert that
However, the Conway group Co 1 does not have an outer automorphism and so we assert that K 7 Š 2 Co 1 . Indeed, we may factor out the additional relator .xy 3 t/ 23 to remove the direct factor of order 2, and obtain the index 1,545,600, which is indeed the index of 3 Suz W 2 in Co 1 .
Identification of the groups in the chain
In a sequel to this paper we produce explicit 24 24 matrices which preserve the Leech lattice ƒ and reproduce the configuration described here and, in particular, the chain of nested subgroups K n . This work is, of course, carried out modulo the subgroup h I 24 i as it is the double cover O Š 2 Co 1 of the Conway group which preserves ƒ. However, we may verify each claim directly by taking a permutation or matrix representation of a group in the chain and extracting generators which satisfy the presentation given here. On the other hand one may start with our presentation and use MAGMA to obtain a permutation representation of the group acting on cosets of the previous group in the chain.
The Hall-Janko group HJ
We have seen that K 3 has index 100 in K 4 , and so we shall obtain K 4 as a permutation group of degree 100. We can obtain the lengths of the orbits of the stabilizer of a point either computationally or by performing a manual double coset enumeration, and so obtain K 4 as a rank 3 permutation group with suborbit lengths 1, 36 and 63. It has a perfect subgroup of index 2 which thus has order 604,800, see Janko [9] ; this subgroup can be seen to be simple by consideration of the action of a putative normal subgroup on the 100 points. In fact, we may readily show that
where K 3 D ht 23 ; t 24 ; t 34 ; .2 3/i.
Having obtained a permutation representation for the group K 4 , this is a convenient point at which to verify our claims about the elements a ij and d , namely that
is independent of the choice of distinct i; j; k and thus commutes with the automorphisms of S n , (iii) d is an involution inverting z.
Explicitly we show computationally, using our 100 point permutation representation, that t x t D .t 
Proof. We saw that in the copy of U 3 .3/ generated by the edges of the triangle with vertices 1; 2; 3 the element d commuted with all permutations of those vertices. The above calculation shows that it commutes with every permutation that fixes i and j , and thus with all permutations. It lies in every triangle group and inverts the element z in that group.
The exceptional Lie group G 2 .4/
Taking n D 5 and repeating the exercise we obtain K 5 as a rank 3 permutation group with suborbit lengths 1, 100 and 315. The perfect subgroup of index 416 thus has order 416 604;800 D 251;596;800, see the Atlas [4, p. 97]. Again we have
where K 4 D ht 23 ; .2 3 4 5/; .2 3/i.
The triple cover of the Suzuki simple group Suz
Performing the coset enumeration of K 6 over K 5 as in the previous cases we obtain index 5346 and, having obtained the permutation action of the group acting on this number of cosets, we find that the suborbits have lengths
Unlike the previous cases, the group K 0 6 is not simple but is the triple cover of the Suzuki group. Indeed, 3 Suz W 2 contains a subgroup .3 G 2 .4// W 2 and so K 5 Š G 2 .4/ W 2 is not a maximal subgroup. Thus our permutation group will not be primitive but will have blocks of size 3. We have to obtain the action of Suz W 2. This returns index 1782 and we find that the action on the blocks is a rank three permutation action of degree 1782 with suborbit lengths 1, 416 and 1365, see Suzuki [11] .
The Conway simple group Co 1
As mentioned above, the group K 7 is a direct product of shape 2 Co 1 ; the centre of this group may be generated by . 
Doubling up
In the constructions of the Held group, as described briefly in the introduction, and of its sequel on the Harada-Norton group, see Harada [8] and Norton [10] , it proved beneficial to "double up" the number of symmetric generators. Thus in the Held case, see Curtis [7] , instead of considering a progenitor of the form Note that in each case the control subgroup acts non-permutation identically on the two sets of symmetric generators: when S 7 acts transitively on 15 C 15 points, the stabilizer of a point has suborbits of lengths .1 C 14/ C .7 C 8/; and when HS W 2 acts transitively on 176 C 176 points the stabilizer of a point has suborbits of lengths .1 C 175/ C .50 C 126/. The case for doubling up is far less compelling here as generically A n has a unique action on the n 2 unordered pairs. Nonetheless, the procedure does have a pay-off in that (a) a single additional relation -the same, of course, for all n -is still sufficient to define the image group, and (b) the group K 2 now makes sense as we shall have two symmetric generators, t ij and s ij D t d ij , corresponding to each (directed) edge of the complete graph. In fact, we shall seek a group generated by two elements of order 7, t and s say, which possesses automorphisms: (i) squaring t and fourth powering s,
(ii) inverting both t and s, (iii) interchanging t and s.
We must now explore further the triangle group which we know to be isomorphic to U 3 .3/.
Further relations which hold in the U 3 .3/ triangle group and in subsequent groups
We are assuming that every triangle in the complete graph K n generates a copy of the group U 3 .3/ or a proper homomorphic image of it which, since U 3 .3/ is simple, can only be the trivial group. The latter case would of course lead to almost total collapse as the symmetric generators t ij would all map to the identity. So any relation which we can deduce from our matrix representation of U 3 .3/ must be a consequence of our single relation R D 1 and can be assumed to hold in any triangle of the graph. As in Sections 3.2 and 5.1 we define
which we have seen is independent of the subscript i; j; k and thus commutes with our S n ; moreover, d inverts the "squaring" element z. Thus we can extend our control subgroup 3 S n to S 3 S n and our progenitor becomes
in which there are n 2 symmetric generators labelled t ij and a further n 2 labelled s ij corresponding, in each case, to the edges of our complete graph on n vertices. The element z of order 3 lying in the copy of S 3 in the control subgroup squares the t ij and 4th powers the s ij by conjugation, whilst the element d of this S 3 interchanges the two sets of symmetric generators with t d ij D s ij . So every edge ij of our complete graph K n corresponds to two generators t ij and s ij in some group. We have
for distinct i; j; k, or the group collapses to the identity. We let u D .1 2 : : : n/ and v D .1 2/z 2 , so d commutes with u and inverts v. If a single relator is to result in an image isomorphic to U 3 .3/ W 2 then it must have the effect of "converting" outer automorphisms in the control subgroup into inner automorphisms in the group generated by the symmetric generators; in particular, we must be able to write an element such as .1 2 3/d in terms of t 12 ; t 23 and t 31 . Calculating within U 3 .3/ we find that a suitable relation is
and that this relation is sufficient to define every K n for n D 4; 5; 6; 7. Thus we have
Again note that the parameter n appears just twice in the presentation, although one does of course need more relations to define S n in this way as n increases. In this case coset enumeration is carried out over
and we obtain the same set of indices as in Section 4. A coset enumeration of K 4 as defined here over the identity returns index 1209600 as required, and so K 3 Š U 3 .3/ W 2 as anticipated. It follows that the newly defined
is isomorphic to L 2 .7/ W 2 as claimed. Each of the groups K n for n D 3; 4; : : : ; 7 contains a perfect subgroup of index 2, and these subgroups are images of the progenitor
Moreover, our additional relation R D 1 involves only even permutations of S n and so we may consider the factor group
Care must be taken, however, as the solubility of A n for n D 3 and n D 4 means that KA 3 and KA 4 so defined are not simple.
The case n D 3
Taking x .1 2 3/; t D t 12 and z to be the usual element which commutes with x and squares all the t ij by conjugation, we see that our element
and we need this element to invert z. This is accomplished by the presentation
Abelianising this group (that is to say, forcing all generators to commute with one another) visibly results in the trivial group, so it is certainly perfect, and a coset enumeration over the identity returns index 6048. That this is indeed a presentation for the unitary group U 3 .3/ follows, since we have seen elements in U 3 .3/ satisfying it.
The case n D 4
In this case we take x .2 3 4/, y .1 2 3/z 2 and t D t 12 as usual; thus we have xy .1 2/.3 4/z 2 and t .t x / 1 D t 12 t 31 . We require our element d D .t 12 t 31 / 2 to invert z and commute with all permutations of A 4 ; so we adjoin a further relation .xy.t.t x / 1 / 2 / 2 D 1. Abelianising as above shows that the resulting presentation defines a perfect group, and a coset enumeration over the identity gives us the order of the Hall-Janko simple group as required. Thus: 
The case n D 5
We first prove an encouraging lemma.
Lemma 8.2. The group
Proof. Abelianising sends the simple group A 5 to the identity and the relation t z D t 2 collapses to t D 1; so all the t ij map to the identity. The image of the relation R D 1 is then z 2 D 1, and so z too maps to the identity and the group is perfect.
The lemma suggests that restriction to the simple group G 2 .4/ should be more straightforward, but there is still a snag. It is true that this progenitor contains a subprogenitor of the form 7 ?3 W .3 S 3 / and that the relation R D 1 restricts to this subprogenitor; so triangles do indeed generate copies of U 3 .3/ but there is no guarantee that the element d D .t ij t ki / 2 for distinct i; j; k is the same for all triangles. For this to hold we had to pass to the fourth level, the Hall-Janko case, and include odd permutations on four vertices.
If we let x .1 2 3 4 5/; y . So, together with t yx D t 4 34 , these must generate HJ W 2. However, a coset enumeration over this subgroup struggles to complete -although an enumeration over KA 5 which should be G 2 .4/ works without any problem. In order to complete the enumeration over HJ W 2 we add a further redundant relation which says that d raises xy to the power 5, although this is a consequence of Section 4: Lemma 8.4. For n 6 define the group KA n by
Then the element d D .t 23 t 12 / 2 inverts z and commutes with the permutations of A n .
Proof. Since, for n 6, A n contains copies of S 4 , we know from Section 4 that the six elements of order 7 corresponding to the edges of each complete 4-graph generate a copy of HJ, or a proper homomorphic image of it which can only be the trivial group. If H i is such a group corresponding to the vertices ¹1; 2; 3; iº for i 4, The subgroup ht y ; xi should, by the previous subsection, be isomorphic to G 2 .4/ and a coset enumeration over it does indeed return the index 5346. Furthermore, a coset enumeration over the subgroup ht yx ; xy; OEx; y 1 i which from the beginning of this subsection is isomorphic to (a homomorphic image of) HJ W 2 returns 1;111;968 D 5346 416=2 as required. Indeed, coset enumeration on a more powerful machine returns these indices without the final relation. Thus: Theorem 8.6. We have KA 6 Š 3 Suz;
the triple cover of the Suzuki simple group.
The case n D 7
A precisely similar argument will show the following theorem. From the previous subsection we know that the subgroup defined by a complete 6-graph is the perfect group 3 Suz (or the trivial group), and so we can perform a coset enumeration over the subgroup
This returns the index 3,091,200 as required and so we have
9 The case N Š 3 A 9
We have seen that the group K 8 , which imposes a full symmetric group S 8 of automorphisms, collapses; but, if we relax this to an alternating group A 8 of automorphisms, the group Co 1 survives. In this section we move to the case of a complete 9-graph, but assume only even permutations of the vertices as automorphisms. Note that we can go no further as A 10 S 8 , and so collapses.
As generators for the group N Š 3 A 9 we take x .1 2 3 4 5 6 7 8 9/ and y .1 2 3/z 2 , where as usual z has order three and commutes with all the permutations of A 9 . Then we have y x y D . 1 ; our additional relation R D 1 takes the simple form t t y t.t y / 1 t 3 y D 1. As usual, we denote the group corresponding to K n in which the symmetric group S n has been replaced by the alternating group A n by KA n ; thus
Finally, in a delightful flourish, the group Co 1 ties together what has come before in the chain: any complete 6-graph in our complete 9-graph generates a copy of KA 6 Š 3 Suz; the central elements in this group are precisely the 3-cycles which fix every vertex of its associated 6-graph. A non-trivial central element of the KA 6 on the vertices ¹1; 2; 3; 4; 5; 6º is given by ..2 3 4 5 6/t 12 / 13 , which must be put equal to the 3-cycle .7 8 9/ or its inverse. This is neatly accomplished by requiring the element .2 3 4 5 6/.7 8 9/t 12 to have order 13. In our presentation below we achieve this by observing that xyx 2 y 2 D .1 5 8/.3 6 9 4 7/ and so requiring this element times t 23 to have order 13 will suffice. We thus denote the relator .xyx 2 y 2 t x / 13 by S. i; returning the index 1,545,600 as required. In fact, this enumeration is difficult to achieve and is made much simpler by adding the relation .y x y/ .t x t/ 2 y x y D 1 which says that our element d D .t 23 t 12 / 2 inverts y x y D .1 2/.3 4/z, which we know it must. This addition is quite legitimate here as we only need to demonstrate that the group does not collapse to the identity.
The lowest degree permutation representation of Co 1
The lowest degree permutation representation of Co 1 is on 98,280 letters, being the index of Co 2 , the stabilizer of a type 2 vector in the Leech lattice (modulo, of course, the central involution). For this reason it is convenient to have an expression for Co 2 in terms of the generators of the above presentation. It turns out that 9.2 The 24-dimensional representation of the double cover O Š 2 Co 1
As mentioned above, in a sequel to this paper we produce easily described 24 24 matrices which represent this construction (modulo I 24 ) acting on the Leech lattice; specifically we give generators for the control subgroup S 3 A 9 together with a matrix representing t 89 .
Conclusion
What has been described in this final section is a complete graph on nine vertices in which:
I. each vertex represents a copy of the symmetric group S 4 , II. each edge represents a copy of the linear group L 3 .2/, III. each triangle represents a copy of the unitary group U 3 .3/, IV. each complete 4-graph represents a copy of HJ, the Hall-Janko sporadic simple group, V. each complete 5-graph represents a copy of the exceptional Lie group G 2 .4/, VI. each complete 6-graph represents a copy of the 3 Suz, the triple cover of the Suzuki sporadic simple group in which the central elements of order 3 act as 3-cycles on the remaining three vertices, VII. every complete 7-graph represents the same copy of Co 1 , the largest Conway sporadic simple group, VIII, IX. complete 8-graphs and the complete 9-graph represent this copy of Co 1 , X. any other subgraph generates the same group as that generated by the smallest complete graph in which it is contained; thus, for example, two disjoint edges generate HJ, XI. for 2 Ä n Ä 6 odd permutations on n vertices furnish the outer automorphism of the relevant group, leading to L 3 .2/ W 2, U 3 .3/ W 2, HJ W 2, G 2 .4/ W 2 and 3 Suz W 2.
